Hylleraas-Configuration Interaction (Hy-CI) calculations on the ground 1 S state of helium atom are presented using s-, p-, and d-Slater orbitals of both real and complex type. Techniques of construction of adapted configurations, optimization of the orbital exponents, structure of the wave function expansion are explored. A new method to evaluate the two-electron kinetic energy integrals occurring in the Hy-CI method is presented. The calculations show that nanohartree accuracy, about 0.0002cm −1 is achieved. *
Introduction
The Configuration Interaction method (CI) is of great importance in quantum mechanical calculations of the electron structure of atoms and molecules. It is well known that the shortcomings of the CI method are due to the form of the wave function which does not fulfill the electronic cusp condition [1] :
The CI wave function does not contain explicitly odd powers of the interelectronic coordinate r ij (implicitly the CI wave function does contain terms r ij formed by combination of angular orbitals p, d, f [2] [3] [4] ). But odd powers are the ones energetically important [5] .
In the CI wave function the piling up of higher and higher angular terms attempting to represent the term r ij like in a Tailor expansion [5] shows how important the details of the cusp are. The energy improvement when increasing the quantum number l follows an asymptotic formula proportional to (l + 1/2) −4 [6] in the case of helium atom, and in general for a larger number of electrons [7, 8] . The nuclear cusp condition is always fulfill, in the CI as in the Hartree-Fock (HF) wave functions:
Z is the atomic charge, or the orbital exponent. The cusps (positive for repulsion and negative for attraction) account for two-body correlation, but not for three-body correlation.
These conditions are a result of the singularities of the Hamiltonian at r i = 0 and r ij = 0: .
As the exact wave function is obtained from the equation: HΨ/Ψ = E. This equation leads to the exact energy only if the cusps conditions of Eqs. (1, 2) are fulfilled. The CI wave function is then not a formal solution of the Schrödinger equation and therefore the CI wave function converges very slowly. Schwartz [9] has demonstrated that the inclusion of other terms than r 12 into the wave function, like negative powers of r i [10] , fractionary powers of r i [11] and logarithmic terms ln(r i + r j ) accelerates the convergence of the wave function to the exact solution. Logarithmic terms are important to describe the threeparticle coalescence region [12, 13] . Nakatsuji [14] has proposed the Iterative-ComplementInteraction (ICI) method which generates those terms which are necessary in the structure of the wave function for very highly accurate calculations. Including a ln(r 1 + r 2 + βr 12 ) in the wave function a 40 decimal digits accurate energy was calculated, showing that logarithmic terms are necessary. Such accurate calculations are restricted to the case of two-electron systems.
Other of the shortcomings of the CI wave function are the functions used as orbitals.
If the functions form a complete set it is obvious that the exact solution can be expressed in terms these functions. Some types of orbitals form a complete set (or overcomplete in case of double basis) like Slater orbitals and Sturmians. If the set is not complete the wave function needs some states from the continuum. The importance the continuum functions in representing the ground state of helium atom has been pointed out by many authors [15, 16] . If one carries out calculations to the ultimative limit it is immaterial which set is used. Therefore an infinite expansion of CI configurations would be the exact wave function.
The reason why the CI wave function gives good results is the consecutive inclusion of angular functions which represent r ij .
It is then clear that the explicit correlated wave functions including the interelectronic coordinate r ij proposed by Hylleraas [17] are an alternative to the CI wave function. Sims and Hagstrom [18, 19] introduced the Hylleraas-Configuration Interaction (Hy-CI) wave function which combines the use of higher angular momentum orbitals as CI does with the inclusion of the interelectronic distance into the wave function as the Hylleraas-type wave functions. The first terms of a Hylleraas-CI wave function are CI terms.
Helium atom has been subject of numerous investigations. Its electronic structure has been determined to the greatest accuracy known in quantum chemistry. Our interest is to test in the case of helium atom our integral subroutines and computational techniques as the spin, antisymmetrization, construction of symmetry adapted configurations, the usage of the Hamiltonian in Hylleraas coordinates, and to win experience to investigate larger systems.
This work will be thoroughly referred and compared first, to the early helium calculation of Weiss [5] for which there is enough computational data, and second, to the highly accurate more Hagstrom.
The Hylleraas-CI wave function
The Hy-CI wave function [19] for the 1 S ground state of helium atom is written:
where Φ k are symmetry adapted configurations, N is the number of configurations and the constants C k are determined variationally. The operatorÔ(L 2 ) projects over the proper spatial space, so that every configuration is eigenfunction ofL 2 .Â is the 2-particle antisymmetrization operator, and χ is the spin eigenfunction. The Hartree products ψ k , are products of orbitals of the required symmetry multiplied by the interelectronic coordinate:
For ν = 0 the Hylleraas-CI wave function reduces to the CI wave function. The power ν = 1 does not represent any restriction. As discussed in Refs. [2, 21, 22] , we know that even powers of the interelectronic coordinate are equivalent to products of p-, d-, · · · type orbitals, for instance:
Furthermore, higher odd powers can be expresses as r 12 r 2n 12 . It can be demonstrated [21] that r 12 is an infinite expansion of angular orbitals:
In the case of two-electrons systems Sims and Hagstrom [3] have shown that the Hy and Hy-CI wave functions are equivalent.
The use of real Slater orbitals
We have constructed a set of real s-, p-, d-Slater orbitals which are orthogonal and unnormalized. The exponents are considered as adjustable parameters. They are defined as:
The orbitals are eigenfunctions ofL 2 , but they are not eigenfunctions ofL z .
CI Integrals over real Slater orbitals
The evaluation of the resulting matrix elements Eq. (11) for a CI wave function leads to products of one-and two-electron integrals. These integrals can be evaluated as shown in [24] , we write here compact expression of all non-vanishing two-electron integrals[36] over p-orbitals:
Construction of symmetry adapted configurations
The ground state configuration of helium atom in the spectroscopic notation is of the type ss and has S symmetry. We can construct configurations using p-, d-orbitals of S symmetry. These configurations are:
with
The basis functions p y p y and p z p z may not contribute energetically as much as p x p x but they are necessary to have the proper symmetry, so that the wave function is eigenfunction of L 2 . Therefore a matrix element between two of these configurations has to be calculated as:
One has to note that using symmetry adapted functions or configurations (SAF) and non-SAF the dimensions of the H-matrices are different, whereas a proof of the correctness of the calculation is that the diagonalization of the H-matrices in both cases should lead to the exactly same energy results [20] . We have used the notation pp, but different exponents or powers may be used, pp ′ .
In the case of d-orbitals:
The use of complex Slater orbitals
The complex Slater orbitals with quantum numbers n, m and l are defined by an unnormalized radial part and an angular orthonormal part which is a spherical harmonic:
The spherical harmonics in Condon and Shortley phases [26, p. 52 ] are given by:
where P m l (cos θ) are the associated Legendre functions. The spherical harmonics and associated Legendre functions used along this work are written explicitly in [27, p. 14] .
The charge distributions are:
where 
Integrals over complex Slater orbitals
The two-electron integrals appearing in the Hy-CI method are then defined:
with the cases ν = −1, 0, 1, 2. After angular integration the two-electron integrals are:
where I(N 1 , N 2 ; ω 1 , ω 2 ; ν; L 2 ) are the basic radial two-electron integrals. The occurring basic two-electron integrals in the calculations of helium atom are:
(44)
A(n, α) and V (k, l; α, β) are auxiliary two-electron integrals defined in Ref. [29] .
Hylleraas-CI two-electron kinetic energy integrals
In this section we treat the two-electron kinetic energy integrals appearing in the Hy-CI method when using the Hamiltonian in Hylleraas coordinates [23] . For any atomic number N ≥ 3 the kinetic energy integrals are of two-and three-electron type. The three-electron kinetic energy integrals have been evaluated in Refs. [28, 29] . For N = 2 the integrals are of course, of two-electron type. Sims and Hagstrom [28] evaluated the kinetic energy integrals using the transformation of Kolos and Roothaan [30] which partially avoids the differentiation with respect to r ij terms appearing on the right hand side of the matrix elements. In this work we will perform the derivatives directly over r ij and using Hamiltonian written in polar and interelectronic coordinates, we shall prove its correctness and will solve the resulting integrals in terms of basic two-electron integrals defined in Ref. [29] .
The Hamiltonian in Hylleraas coordinates can be separated in a sum of one electron potential and kinetic energy operators:
The the kinetic energy operator can be again separated into radial and angular parts. Let us evaluate the kinetic energy of electron 1:
The radial operators are:T
,
and the angular ones:
the potential energy operator is:V
as Z = 2 for helium. In two-electron kinetic energy integrals we have basis functions CI type with ν = 0 and basis functions Hy-CI type with ν = 1. In the following, we will use ν for power of r 12 in the left hand side basis functions and ν ′ on the right ones. The interelectronic distance in the integral has then the power r ν+ν ′ 12 . The nuclear attraction potential energy is:
with 2 the atomic nuclear charge.
For the kinetic energy we have to evaluate:
where l ′ 1 is the quantum number of φ(r 1 ). The evaluation of the angular kinetic energy is more involving. The following integrals should be evaluated:
First the derivatives of the spherical harmonics with respect to the polar angle [31, 5.7 .] is made:
and the cosine recursion relation is used:
then the products of spherical harmonics are linearized obtaining an expression in terms
. Now the spherical harmonics with the same arguments are linearized again in order to avoid sigularities when using the recursion relations containing a sine function: 
this is fulfill in our case, because
due to the form of the symmetry adapted configurations in helium atom. Substituting into Eq. (63) we have:
with the factor f is a function of the quantum numbers:
The first kind of integrals over spherical harmonics are:
The following integrals are evaluated integrating over the associate Legendre functions :
(cos θ 1 ) sin θ 1 dθ 1 (73) using the algorithm developed by Wong [33] . The overlap integral over Associate Legendre functions is:
Γ are Gamma functions. This formula is valid for 0
is negative the formula is used:
To evaluate the second contribution to the angular kinetic energy we proceed as showed above and need the recursion relation [31, 5.7.] :
obtaining:
The derivative of the spherical harmonic with m ′ 1 = 0 with respect to φ 1 vanishes:
In case of m 1 = 0:
sin(φ 1 − φ 3 ) can be written in exponential form:
Similarly one obtains:
The expressions given here, although they look complicated, most of the terms vanish. They are very sensitive to errors.
The above expressions are general. For the case m ′ 1 = 0, one may obtain simpler expressions using shorter recursion relations for the spherical harmonics Eq. (C.9) of [29] . So it can be easily obtained:
and
Construction of symmetry adapted configurations
The configurations ss, pp, dd of S symmetry using complex Slater orbitals are constructed:
the basis functions p 1 p −1 and p −1 p 1 are energetically degenerated. A matrix element between two of these configurations has to be calculated as:
The configuration dd of S symmetry is constructed:
the basis functions
6. Calculations
CI Calculations
In order to test the computer code the s, p, d-calculations of decimal digits in our computer. The advantage of complex orbitals is that general algorithms can be developed and applied, as the angular integration, and general integral subroutines.
We have tried first the full optimization of the CI wave function. Although the energy results were very satisfactory, this technique had to be abbandoned because it become impracticable.
In Table 2 we show a set of optimized exponents. They have been optimized in the field of about 10 configurations. Optimal exponents should be obtained by a generalized optimization procedure in the art made by Gaussian orbitals. We have used single and double, and half basis sets, these last were built up by multipliying the exponents of the single basis by 2 or dividing by 2. The double basis could be used until the exponent with value 20.0, further the quadruple precision was not enough. The half basis could be used only for some functions because linear dependence appeared (too similar exponents).
The first 15 terms of the CI wave function in Table 3 are the same than the ones used by Weiss, they gave a good energy result. We also used the first 10 p-functions of Weiss.
term CI wave function as an example. The convergence pattern of the CI wave function was very discouraging. In Table 4 we show our best results obtained using quadruple precision. Therefore we arrive to the same conclusion than Carrol, Silverstone and Metzger [32] and Kutzelnigg and Morgan [7] : "For a two electron atom using conventional CI to achieve microhartree accuracy (they mentioned an accuracy of 20 microhartrees) requires enormous labor and sophisticacion, and indicates that further improvement in accuracy by brutal force CI would be extremely difficult, if not virtually impossible because of numerical linear dependence problems."
Hy-CI Calculations
We have taken the wave function of Weiss and have added the same functions containing r 12 . The exponents were slighly optimized in a field of about 10 functions. The set of exponents of the r 12 -configurations has been taken different than the purely CI configurations, see Table 1 . They are in general slightly larger. In Table 5 a 62-term truncated Hy-CI wave function is shown. One can observe the faster convergence of the wave function leading to a result with 4 decimal digit accurate. Note that the computation time was 130 seconds, although the program code has not been refined to save time.
Extensive calculations are shown in Table 6 using only s-, p-and d-orbitals, i.e. L = 2, and quantum numbers N up to 16 allowed to obtain the energy −2.90372437683996324137 a.u. with Virial factor 1.999999998787224, a result of nanohartree accuracy.
Conclusions
It has been shown that the CI wave function converges stremely slowly. The use of a set of optimized exponents improves the CI expansion. A shorter configuration expansion is needed by the Hy-CI wave function to obtain a better result. Nanoharteee accuracy has been achieved using a set of s-, p-and d-orbitals and r 12 . This result can be improved by using a generalized Hy-CI basis set.
Theoretically, the CI and Hy-CI calculations here presented agree with the ones of Sims and Hagstrom and this confirm the correctness of the Hamiltonian in Hylleraas coordinates and of the kinetic energy integral expressions. The results using the Hy-CI wave function are so promising, that it would be worth while the application of the method to larger systems.
vanish.
[36] The symmetry of the two-electron integrals should be taken into account. We write here only one case for each. These values are obtained in QP. In this work the exponents of Table 1 were used.
